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SET #1

Note that x —x = 0, that x —y = —(y — «), and that x — 2z = (x — y) + (y — z). Every
real number is equivalent to an element in [0,1), but no elements in [0,1) are equivalent
to each other. Thus the set of equivalence classes is in bijection with [0, 1).

As always, the trivial and discrete topologies are topologies. Let us build all other topolo-
gies systematically. Clearly, {0}, {a}, X} is a topology, and similarly one gets two topologies
by replacing a with b or ¢. If the topology contains two 1-element sets, say {a} and {b},
then also their union {a, b} is in the topology. Again, one could replace a,b with b, c or
a,c. If all of {a},{b}, and {c} are in the topology, then it is discrete. Going to two-element
subsets, we see that {0, {a,b}, X} is a topology, and that {0, {a,b}, {z}, X} is as well for
any z, as are all permutations. If two two-element subsets in the topology overlap, say
{a, b} and {b, c}, then their intersection {b} is in the topology as well, so it will consist of
at least {0, {b}, {a,b},{b,c}, X}, and this is a topology (as are permutations once more).
If three two-element subsets are in the topology, then it is discrete. This covers all possible
combinations of 1- and 2-element subsets.

Suppose that U € T5. If id is continuous, then U = idfl(U) €7Ti,80 T2 C T

Let 7 be any topology on Y such that ¢ is continuous. Let U € Ty. Then there is a set
V C X, open in X, sothat U =Y NV. We see that U =Y NV =:"Y(V) € T, since ¢ is
continuous with respect 7, so Ty C 7.

Suppose that Y is open. If U C Y is open in X, then U = UNY isopen in Y. If U is
open in Y, let U’ be so that U = Y N U’ with U’ open in X. Then U is open in X as the
intersection of two open sets is open. Suppose that Y is closed; we will use Proposition 3.4
a few times. If F' C Y is closed in X, then F' =Y N F is closed in Y. On the other hand,
if F'is closed in Y there is a set G C X which is closed in X, and F =Y N G, which is
closed in X as the intersection of two closed sets is closed.

If f is continuous, then ¢ o f is continuous, since ¢ is, and since compositions of continuous
are continuous. Suppose that ¢ o f is continuous, and let U € Ty. Then there is an open
set U' € Tx with U =Y NU’. As in exercise 4, U = =1 (U"), and so

FHO) =107 U) = (o HHUY

which is open in Z.
(a): The basis elements are

P, ={a,b,c,d},
P, ={b,c},

P = {c},

Py ={d}.

Recall that the topology generated by the basis can be described as all possible unions of
basis elements, so it also contains ), {b, ¢, d}, and {c,d}. (b): The basis elements of T< are
of the form P, = {y | z < y} = [z, 00), where = varies. We claim that 7< = 7;, the lower
limit topology. Notice that if x € P, for some a, then x € [a,z +1) C P, € B, so T, is
finer than 7< by Lemma 2.15.

On the other hand, if U € B; is of the form U = [a, b), then we can write U = P, N P,
so U € T<; now, a general element of 7; is of the union of such U and thus also in 7<.
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We will use the lemma twice. First, let (z,7) € R? be contained in an open ball B(z,7).
Then clearly (draw!), by taking ¢ small enough, one finds that

{(@y) |2 €e(x—ecx+e),yely—cy+te)=(@—c,x+e)x(y—c,y+e)
C B(z,r).

This set on the left hand side is B(z, ) x B(y, ) which is a basis element for the topology
on R x R. Therefore, the product topology is finer than the standard topology.
On the other hand, if (x,y) € B(z1,71) X B(z2,72), one can find an r so small that

B((z,y),r) C B(21,71) X B(29,712),

so the standard topology is finer than the product topology.

Let r =d(x,v)/2, Uy = B(z,r), U, = B(y, ).

Let z,y € Y, x #y. We then get U and V open disjoint neighbourhoods of « and y in X,

and Y NU, Y NV are open disjoint neighbourhoods of  and y in Y.

Suppose X7 and X, are Hausdorff, and let = (21,22),y = (y1,y2) € X1 X X2, © # y.

Then either z1 # y; or x2 # ys. Suppose 1 # y1. Then there are disjoint neighbourhoods

U and V in X; of 21 and y; respectively. It follows that 7, *(U) and 7 *(V) are disjoint

neighbourhoods of  and y respecively. Similarly if xo # ys.

Suppose X is Hausdorff and let (z,y) € A°. Choose U, V disjoint neighbourhoods of z

and y respectively. Then U x V' C A€ is an open neighbourhood of (x,y), so (z,y) € IntA°.
On the other hand, if A€ is open, then for any (z,y) € A° there are U,V C X open so

that (z,y) € U x V C A€, which means that U and V are disjoint open neighbourhoods

of x and y.

Clearly, the topology induced by the new basis is coarser than the metric topology (since

the basis is smaller). To see that it is also finer, let © € X, and let Bg(y,r) be a ball

containing x. Then we have seen that By(z,e) C By(y,r) for all £ small enough. Now take

nsol/n<e.

(a): Suppose that < y. If there is a z such that z < z < y, then let U = (—o0, 2)

and V = (z,00). Else let U = (—o00,y), V = (z,00). (b): We will show that A = {x |

f(z) > g(x)} is open by showing that IntA = A. Let € A and choose U and V disjoint

neighbourhoods of f(x) and g(z) respectively so that u > v for all u € U, v € V. Now let

W = f~YU)Nng (V). Clearly z € W, and W is open, so we are done if W C A. Let

z € W. Then f(z) > g(z) by choice of U and W, so z € A.

First note that d is actually a metric. Let (1, 22) € X7 X Xa, and let By((y1,y2), ) be an

open ball containing (z1, z2). We then claim that

(x1,22) € Bg, (y1,7) X Ba,(y2,7) C Ba((y1,¥2),7)-
First, note that
di(zi,y:) < d((x1, 22), (y1,2)) <,

so (x1,x2) lies in the product of balls. The inclusion holds since if (21, 22) € By, (y1,7) X
By, (y2, 1), then

d((21,22), (y1,y2)) = max(di(z1,41), d2(22,y2)) <7

Similarly, if (21, z2) € Bg, (y1,71) X Ba, (y2, r2) for some y;, ;, let r = min(r1—dy (21, y1), r2—
do(x2,y2)) > 0 so that r < r; — d;(x;,y;) for ¢ = 1,2. We then claim that

(1,22) € Ba((x1,22),7) C Ba, (y1,71) X Ba,(y2,72).

This time, it’s obvious that (z1,x2) belongs to the ball. To see the inclusion, let (21, 22) €
By((x1,22),r). Then

di(zi,yi) < di(zi, i) + di(wi,y:) < d((21, 22), (01, 22)) + di(246, y3)
<r+4di(zi,y) <y
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Let i : X — X xY be the map i(x) = (z,y0). Then ¢ is continuous since the identity map is,
and since constant maps are. Now, h = F o4, which is continuous since it is a composition
of continuous functions. Similarly for g. Notice that F(0,0) = 0, F(x,y) = zy/(2* + y?)
is continuous in each variable but not continuous.

(a): We claim that if there exists a, b with a < b, a # b, then the poset is not T;. Notice
that any basis element P, which contains a will also contain b by transitivity. This implies
there is no neighbourhood of a which does not contain b. Thus there can be no relations
between any elements in a 77 poset.

(b): Clearly © < x. Assume that z < y and y < 2. Since X is Ty, if  # y assume
WLOG that there exists an open U, x € U so that y ¢ U but this means that z < y is
false. Finally, suppose that x < y and y < z. Let U be any neighbourhood of . Then U
is a neighbourhood of y and thus of z.

We claim that the poset topology agrees with the original topology. If U is open, we

claim that
U=J P
zeU

To see this, let y € P, for some x € U. Then = < y which means that y € U. On the other
hand, we claim that P, is open for all x. Indeed, P, is the intersection of all open subsets
containing x, which is open when X is finite.

SET #2

Assume that X is connected, and let X = C U D. Then if C and D were both non-empty,
X = (C°U D¢ would be a separation of X.
X = {a,b} U{c} is a separation of X, so X is not connected. If X were path-connected,
then X would also be connected.
(a): Recall first that open sets are all possible unions of basis elements. In this case, they
are the sets of the form (a, c0) themselves. Suppose that « € {zo}’. This means that any
neighbourhood of « intersects {z} in a point that is not 2. A neighbourhood of z is a set
(a,0), a < x, and any such neighbourhood will contain points that are not x, so it suffices
to find those that also intersect {zo}. If < xg, then clearly any of the neighbourhoods
will intersect {zo}. If > xq, choose a with zo < a < z. Then (a,00) is a neighbourhood
of z that does not intersect {zg}. It follows that {z¢}’ = (—o0,z¢].

(b): By a theorem in the notes, {zo} = {xo} U {zo} so {zo} = (—o0,z0].

(c): We claim that R is not Hausdorff in this topology: if < y are two points, and U
is a neighbourhood of z, then y € U.
We already know that the intervals are connected. Suppose that A is a connected subset
of R, and let =,y € A. We claim that r € A for all z < r < y. If this were not the case, we
could split A = ((—o0,r) N A) U ((r,00) N A).
Let us show that X = R™\ {0} is path-connected. Let z,y € X. Take the straight line
from z to y. If this does not intersect 0, then it is a path from x to y. If the line does
intersect zero, then x = ay for an a € R. In this case, take a third point z which is not
on the line itself, which is always possible for n > 2. Now take the line from x to z and
concatenate it with the line from z to y to get a path from z to y.
Suppose that f : R™ — R is a homeomorphism. Then R™\ {0} is connected but R\ {f(0)}
is not, which is a contradiction.
Write v = 41 * 2. Notice first that [0, 1] is a metric space, so it is first countable and we
can use the theorem. Let x,, — x be a sequence. If z < %, then z,, < % for all large enough
n. It follows that for large enough n, y(z,) = v1(2z,) = 71 (2z) = ~(x) since vy, and
x +— 2z are continuous. Likewise, if z > % one can use the same argument with -5 instead.
Suppose now that z,, — % and that there are subsequences y; = x,, with y; < % and
zj = ¥pn, with z; > %, and so that each x,, is either a y; or a z;. Now also the subsequences
converge, y; — 1 and z; — 3. Then as before y(y;) — ¥(3) and v(z;) — ¥(3). Then a
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standard argument in analysis, v(x,) — v(z) (take the maximum of the Ns coming from
y; and z;).

Let x,y € S™ and suppose first that the line from y and = does not contain 0; by Exercise 2.5
this can only happen if y = —z. Define a path v :[0,1] — S™ by

(1—t)z + ty
1) = e
(1= t)z + ty||
Then ~(t) € S™, v is continuous, and + is a path from z to y. If the line from z to y
contains zero, i.e. if y = —z, take a third point z and use a concatenation of two paths.

Let y € Y, and let U be a neighbourhood of y, and let C' C U be the connected component
of y in the subspace U. We want to show that C is open, so let C’ = p~1(C). By definition
of the quotient topology, it then suffices to show that C’ is open. So, let z € C’ and let
us show that x € IntC’. Since p~1(U) is a neighbourhood of x, and since X is locally
connected, there is a connected neighbourhood V of x with # € V C p~'(U). Then
p(V) C U is also connected, and p(V') contains points from C' (since z € C’), so p(V) C C.
This tells us that, V C p~1(C) = C’, so € Int C’, and C’ is open.

Let A be a connected component, and let x € A. We will show that x € IntA. There is a
connected neighbourhood U of x, and U C A by one of the theorems. Therefore x € Int A.
Let U, = A; U Ay U---UA,. We claim that U, is connected. Clearly U; is. Suppose
U, —1 is; then U, is by one of the theorems. Thus {U,} is a family of connected subspaces
that all contain a common point (any point from A; will do). Thus their union (which is
Unen An) is connected.

One direction is an example. A counterexample is the rationals.

Define g : S — R by g(z) = f(x) — f(—z). Then g is continuous, and so g(S!) is an
interval. Notice that g(z) = —g(—2), so if g(x) = r # 0 for some x, then —r € g(S%),
and (—|r|,|r]) C g(S'). This implies that 0 € g(S*) so no matter what there is an x with
g() =0 or f(z) = f(~2).

Consider the map ¢ : [0,1] — [-1,1] given by g(x) = f(z) — 2. We need to find an z
with g(z) = 0. Suppose that no such z exists. As before, ¢([0,1]) is connected, and since
g(0) = f(0) > 0 we see that ¢([0,1]) C (0,1]. But g(1) = f(1) =1 <0.

Let us show that X = [];.; X; is connected. Let 2 = (x;)ic; € X be an arbitrary point.
For any finite subset J C I, let X; C X be the set of points whose coordinates may only
vary from the z; if i € J, i.e.

Xr={y= Wi)ier lyj =z;if j & J}

Now X is homeomorphic to [[,.; X; which is connected since we know how to deal with
finite products. Notice also that x € X ; for every J. This implies that

vy= |J X,

J C I finite

is connected. We claim that X =Y from which it follows that X is connected.

So, let y € X be arbitrary, and let U be any neighbourhood of y, and let us show that
UNY # 0, so that y € Y. By possibly taking U smaller, we may assume that U is one of
the basis elements. That is, U = [[,.; U; where U; = X; for all i outside a finite subset
KcCl

Now let z; = y; for i € K, let z; = x; for ¢ ¢ K, and consider z = (z;);cs. Then z € U,
and z€ Xg CY,s0UNY #0.

iel

SET #3

(a): Let U be a covering of K U---U K,,. Then in particular {U N K, | U € U} is a
covering of K; for each i = 1,...,n, so that Ui N K, ..., Ufl N K; cover K; for some finite
collection of U ]’ € U. Now

{Ujli=1,....n, j=1,....n} CU
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is a cover of K1 U---UK,.

(b): First of all, K; is closed in X for all ¢ since X is Hausdorff. Therefore [ K; is
closed. Now for any fixed j, () K; C Kj, so [ K; is compact.

(c): We see that () € T since ) € T. Since () is compact, X = (X \ @) U {x} € T.

Suppose that U; € Tforiel IfU, €T forallic I, their union is also in 7 and
thus in 7. Suppose, on the other extreme, that U; € 7A'\7' for all s € I, and let K; be the
compacts sets in X so that U; = (X \ K;) U {*x}. Then

Yui=x\ <ﬂm> U {x}.

i€l el

From (b), (| K; is compact in X. This shows that (JU; € 7.
Let us show that if U € T,V € T\ T, then UUV € T. Write V = (X \ K) U{*}. Then

UUV =X\ (X\U)U(X\K)U{x} = X\ (X \U) N K) U {x),

and we claim that (X \ U) N K is compact: as before, K is closed, X \ U is closed, so
(X \U)N K is closed and thus compact, since it is contained in K.

That intersections of opens are open is similar: let us show that U; N Us is open when
U, and Us are. As before, there is nothing to show if Uy,Us € T. If Uy, Us € 7—\ T, write
U, = (X \ K;)U{x}. Then

UiNnU; :X\(Kl UKQ)U{*},
which is open by (a). Finally, if U € 7,V € T\ T, V = (X \ K) U {x}, then
UnNnv=Un(X\K),

and K is closed in X since X is Hausdorff, so U N (X \ K) is open.

We very closely mimic the proof that compact subsets of Hausdorff spaces are closed. Let
F and G be closed subsets of a compact Hausdorff space X. Then both F' and G are
compact. Fix an & € F'. As in the proof mentioned above, we obtain disjoint open subsets
U*, V* so that € U* C X \ G and G C V*. Now repeat this procedure to obtain an
open cover of I, ' C |, U” which then has a finite subcover F* C U U---UU?"". Let
U=UU---UU* and V=V*1N---NV¥ Then FCU,GCV,andUNV = 0.
Clearly the condition implies that X is locally compact: Take any set U to obtain a
neighbourhood V' of  with compact closure.

For the converse, suppose that X is locally compact, let x € X, and let U C X be

a neighbourhood of . Consider the one-point compactification X of X and notice that
C=X \ U is closed in X and thus compact in X (since closed subsets of compact spaces
are compact). As in the proof that compact subspaces of Hausdorff spaces are closed, we
can find disjoint open sets V and W so that x € V and C' C W. Since X is Hausdorff, V
is compact, and we claim that VN C =0 so V C U. To see this, let z € C C W = Int W.
Then there is a neighbourhood of z entirely contained in W that is, it does not intersect
V,sox ¢ V.
Write Y\ X = {xy} and Y/ \ X = {xy/}. Define f : Y — Y’ by f(z) =« for x € X and
f(xy) = xy,. We claim that f is a homeomorphism. Clearly, f is bijective, and we will
show that f(U) is open, when U is open; then the same result will follow for the inverse
f~! by symmetry, and so f is a homeomorphism. So, let U be open in Y.

If xy ¢ U then f(U) = U which is open in X. Now X is open in Y’ (as it is the
complement of a single point set, which are always closed in Hausdorff spaces), so therefore
U is open in Y.

Suppose that xy € U. Then since Y \ U is closed in Y, we get that Y \ U is compact
in Y, since Y is compact. Now f(Y \ U) is compact in Y’ since images of compact spaces
are compact. Thus f(Y \ U) is closed since Y’ is Hausdorff, Y\ f(Y \ U) = f(U) is open
in Y’
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Let p : X — X/C denote the projection, and let [z],[y] € X/C, [z] # [y]. Suppose that
x ¢ Cand y ¢ C. Since X is Hausdorff, we can find disjoint neighbourhoods U and V' of
x and y in X. Take U' = U\ C, V' = V' \ C, which are again open since C' was closed.
Then p(U’) and p(V') are disjoint open neighbourhoods of [z] = {z} and [y] = {y}. The
sets are open since p~1(p(U)) = U and p~L(p(V)) = V.

Suppose that y € C, so that p(y) = [y] = C. Now take open disjoint sets U and V so

that x € U and C' C V. Then as before, p(U) and p(V) are disjoint open neighbourhoods
of [z] and [y].
Let us convince ourselves that this is indeed a basis. Clearly the balls cover R™. If
x € B(y1,71) N B(ya,r2), let ¥ = min(ry — ||y1 — z||,r2 — |ly2 — z||). Take any rational r/
with 0 < v/ < r. Then B(xz,r") C B(y1,7r1) N B(yz,r2). Finally, choose y € Q™ so that
|z —y|| <r'/2. Then

x € B(y,r'/2) C B(y1,m1) N B(ya,2).

Let 7 be the topology generated by this basis. Since the basis is contained in the standard
basis, it follows that 7T is coarser than the standard topology. We use Lemma 2.15 to see
that it is also finer. That is, let x € R™ and let B(y,r) be any ball with = € B(y,r).
Then we know that there is an v’ with B(z, ') C B(y,r). As before, take r” rational with
0 < 7" <’ and choose z € Q" with ||z — z|| < 7" /2. Then

z € B(z,7"/2) C B(z,r") C B(z,r") C B(y,7).

(a): Let C C X x Y be closed. We claim that m(C)¢ is open; to see this, let = € 7 (C)°
(assuming that the set is non-empty; if it’s empty, we're done). That is, for each y € Y,
we have that (z,y) ¢ C. By definition of the product topology, we can find for every
y open neighbourhoods U, and V,, of x and y respectively, so that U, x V,, C C°. The
Vy cover Y so by compactness, we can find y1,...,y, so that V,, U--- UV, =Y. Let
U=U, N---NU,y,. Then U is an open neighbourhood of z, so € Int(n(C)°) since
Un=(C)=0.

Notice that this looks a lot like the proof of the tube lemma. Indeed, the tube lemma
can be applied to give a short proof: Notice that {z} x Y C C¢, and C*¢ is open, so by the
tube lemma, we can find an open neighbourhood U C X of z so that U x Y C C°. This
means that U C 7(C)¢, so that once more, x € Int(7(C)°).

(b): Suppose first that G is closed, and let C' C Y be any closed set. Then

fTHO) =7((X x C)NGy),

which is closed by (a), since X x C' is, and since Gy was assumed to be, so f is continuous.
Notice that we did not use here that Y is Hausdorff.

Suppose that f is continuous. We will show that G is open, so let (x,y) € G§. That
is, y # f(x). Since Y is Hausdorff, we can find disjoint open sets U and V in Y so that
y € U, f(x) € V. Since f is continuous at x, there is a neighbourhood W of x so that
f(W) C V. We claim that W x U is a neighbourhood of (z,y) with W x U C G¢ so that
(z,y) € Int(G%). And this is clearly the case: if (z, f(z)) € Gy N (W x U), then on one
hand f(z) € U and on the other z € W, so f(z) € f(W)CV,but UNV ={.

Let A C X be a non-empty subset which is bounded from above by some element z. We
will assume for contradiction that A has no least upper bound. Let a € A be any element
of A.

Let y € [a,z]. If y is an upper bound for A, choose a smaller upper bound z and let
Uy, = (z,00). If y is not an upper bound, choose an element z € A with y < 2, y # =z,
and let Uy = (—o0, z). In either case, z € [a, z], and since in either case y € U,, it follows
that the collection {Uy }ye[a,z) covers [a, z]. Since intervals are assumed to be compact, we
obtain yi,...,y, so that Uy,,...,U,, cover [a,z]. Now, out of these finitely many open
intervals, a must belong to a set of the form (—o0, z), and = must belong to a set of the
form (z,00). By splitting this finite subcover into the open intervals of either type, this
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implies that there are b € AN [a,z], ¢ an upper bound of A, with
[a,z] C (—00,b) U (¢, 00).

Since ¢ is an upper bound, we have b < ¢. Therefore b ¢ (¢, 00) and since b ¢ (—o0,b) it
follows that b ¢ [a, ] which is a contradiction.

(a): Notice that a dense subset is one which intersects any non-empty open set. Since Uy
is dense, it follows that By NU; # 0. Take any point z in this intersection so that Bo N U;
is a neighbourhood of . By Theorem 7.38 the locally compactness of X implies that there
is a neighbourhood Bj of this point = so that B; is compact and By C By N U;. Now B,
will intersect the dense set Us, so it is clear how to proceed inductively.

(b): Assume for contradiction that (K, = 0 and let V;, = X \ K,,. Then JV,, = X
and in particular, {V,,} is an open cover of the compact set K which therefore has a finite
subcover V;,,...,V; . Since the K, are decreasing (with respect to the order C), the V,,
are increasing and so V;, U---UV; =V, for some m. That is, K3 C V,;, = X \ K,;,, which
is a contradiction since K,, C K; for all m.

We can now prove the main statement: we have a decreasing sequence B,, of compact
subsets, so (b) applies. Since also B,, C U, and B,, C By for all n, we have that

0# () BaC () UnnBo.

neN neN

That is, since By was an arbitrary open set, [, .y U, must be dense.

Note that we really need to assume that the intersection is countable: R\ {z} is open
and dense in R, yet (|, cg R\ {z} = 0 is certainly not.
If F, is closed with empty interior if and only if F is open and dense. Thus the result
follows from the previous exercise.

SET #4

Let X be an n-manifold and Y an m-manifold. We need to show that every point (x,y) €
X xY has a neighbourhood homeomorphic to R™*", that X x Y is second-countable, and
that X x Y is Hausdorff.

We know that there exist neighbourhoods U of x, V of y so that U ~ R™, V ~ R™.
Then U x V ~ R™ x R™ is a neighbourhood of (z,y), and it is not hard to see that
R™ x R™ ~ R™*" (the special case n = m = 1 was Exercise 1.8).

Let {U,} be the countable basis for the topology on X, and let {V;,} be the countable
basis for the one Y. Then {U, x V;,,} is a basis for the product topology X x Y’; this basis
is countable, so X x Y is second-countable.

Finally, X x Y is Hausdorff by an exercise from Set #1.

Let X be an n-manifold and an m-manifold, and let x € X. Then we can find neighbour-
hoods U,, and U, of z with homeomorphisms f, : U, — R™ and f,, : Uy, ~ R™. Let
V = U, NU,,. Then we have a homeomorphism between the non-empty open sets f,(V)
and f,,(V), namely fp, o f;7*|(v), so it follows from Theorem 6.18 that n = m.

Clearly, any star-shaped set A is path-connected: given z,y € A, the concatenation of the
line segment from « to a, and the line segment from a to ¥, is a path from x to y. We need
to show that A has trivial fundamental group.

Let v : [0,1] = X be a loop based at a; we claim that + is homotopic to the constant
loop. For any point © € A, let I, : [0,1] — A denote the line segment from z to a,
l,(t) = (1 — t)x + ta. Now, define a map F : [0,1] x [0,1] — A by

F(s,t) = Ly(o)(t) = (1= t)7(s) + ta.



4.4

4.5

4.6

4.7

4.8

4.9

SOLUTIONS TO EXERCISES

Then F is clearly continuous, and
F(s,0) =7(s),
F(s,1) = a = eq(s),
F(0,t) = (1 —t)a+ta=a,
F(1,t)=(1—t)a+ta=a.
This exactly says that F' is a path homotopy from v to the constant loop e,, so 71 (4, a) =

{lea]}-

Let v : [0,1] — Q be any loop based at z. Since [0,1] is connected, so is y([0,1]). The
connected components of Q are single point sets, so ¥([0,1]) = {z}, or in other words,
v = ez, and m(Q,z) = {[e;]}. However Q is not simply-connected since it is not path-
connected. Note that no homotopy arguments were involved here.

Let [y] € m1(X, x) be a homotopy class. Then noting that (a* 3)' = ™ x o'V, we have

axB() = [(a* BT [y] * [ax 5]
= [8"] % [a™] % [7] * [a] * [B] = B([o"*] % [7] * [a])
= Ba(y]) = B o a([)).

Suppose that [a] = [B], and let [y] € m1(X,z). Write [a]™! = [a*¥]. This makes sense
since [@"V] is the left and right inverse of [a] and, importantly, uniquely determined. It
follows that

a([]) = [ x [ x[o] = [a] 7 ] * [a] = [B] 7 [7] = [8] = B(}])-
Alternatively, it is easy to see that [@"V] = [8'¢V] by explicitly constructing a path homo-
topy between the two paths.

Let z € X be the point x = «(0), and let [y] € m1(X,z). Then, using that f. is a
homomorphism, we have

feod([y]) = ful[&]x [yl x [a]) = [f 0 "] % [f o 7] < [f 0 a].
On the other hand,

foaof(h]) = Foa(lfor]) = [(f e )] x[f or]*[foal
It thus suffices to notice that [f o a™V] = [(f o @)™"] which follows from the easy-to-check
fact that foa* = (f o).
Let (z,y) € X xY. We define a map @ : m(X,z) — m(Y,y) - m (X x Y, (z,y)) as
follows: Let [y1] € m1(X,z), [y2] € m1(Y,y). Then we have a natural loop 71 X y2(t) =
(m1(t),72(t)) based at (x,y), so [y1 X 2] € m(X x Y, (z,y)). We claim that the map
D([11], [72]) = [y1 X 2] is an isomorphism.

First, let us note that the map is actually well-defined. If [y1] = [y1] and [y2] = [Y2],
take path homotopies Fi : [0,1] x[0,1] — X and F3 : [0,1] x [0, 1] — Y between the various
loops. Then F = (Fi1,Fy) : [0,1] x [0,1] — X x Y is a path homotopy from v X 72 to
Y1 X Y2, so the map is well-defined.

The natural bijections 7x : X XY — X and 7y : X XY — Y give rise to maps

(mx)s (X XY, (2,y)) = m(X,z),  (7y)e: (X XY, (2,9)) = m(Y,y),
and by construction, ®~! = (7x ). X (7y )« : T (X X Y, (2,9)) — 71(X, 2) x (Y, y), given
concretely by
[(v1,72)] = ([, [2))-
Therefore, ® is a bijection. Since (7x). and (7y). are homomorphisms, so is @1, so it

follows that ®~! (and thus ®) is an isomorphism.
We define a homeomorphism f: R™\ {0} — S"~! x (0, 00) explicitly by

@) = (2 lel )
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Then f is continuous and bijective with continuous inverse f~! given by
Yz, r) =re.

By the previous exercise, we have an isomorphism (and in particular a bijection) from
1 (R™\ {0}) to m1 (5™ 1) x 71((0,00)). Now clearly, (0, 00) is simply-connected (since for
instance it is homeomorphic to R which is simply-connected) so this says that R™ \ {0}
is simply-connected if and only if S*~! is. This, in turn, is the case if and only if n > 2.
That is R \ {0} is simply-connected for all n > 3, and 1 (R?\ {0}) = Z.

Let p : 8™ — RP™ denote the projection p(x) = [z] = {z, —z}, and notice that RP"™ is
path-connected since S™ is, so that it makes sense to talk about 71 (RP™).

We claim that p is a covering map. Clearly, p is surjective and continuous (as are all
quotient maps). Now, let y € S™ and take € so small that B(y, e) and B(—y, €) are disjoint
in R**1 let

U =B(y,e)nS", U, =B(-y,e)NS"
be the corresponding disjoint open sets in S™, and let
U,=UfuU,
be their union. Note that in = Ufy and that [7; is open in S™ for all y.

Now, let U, = p(ﬁ;) Everything has been chosen so that p~(U,) = [,]\; =UfuUU,; so
that U, is open in RP™ (by definition of the quotient topology), and p\U; : U; — U, and
ply- - U, — U, are homeomorphisms. Since moreover the U, cover RP", we have all the

; 2
ingredients that make up a covering map.

Now, let [y] € RP™ be arbitrary. Note that S™ is simply-connected since n > 2, so it
follows from the proposition on lifting correspondences that we have a bijection

m (RP™, [y]) = p~ " ({[y]}) = {y, —v}.

That is, the fundamental group consists of two elements which is what we set out to show.
Let ¢+ : A — X denote the inclusion map. Notice that the condition on r is that ror = id 4.
(a) Let [y] € m1(A,a). Then [to~] € m1(X,a), and

re([ton]) = e ow((7]) = (ro0)u((]) = (ida)«(V]) = 1],

SO 7 is surjective.
(b) Let us show that r, is injective. That is, assume that r.([y]) = [e,] for some [y] €
m (X, a) — i.e. assume that r oy ~), e, — and let us show that [y] = [e,].
Define a map G : [0,1] x [0,1] = X by
G(s,t) = F(y(s),1),

where F' is the homotopy from idx to r provided to us. Then clearly, G is continuous,

and
G(0,t) = F(v(0),t) = F(a,t) = a,
G(]-vt) = F(’Y(l)7t) = F(avt) =a,
G(s,0) = F(v(s),0) = idx(v(s)) = 7(s),

G(s,1) = F(y(s),1) = r(7(s)) = 70 (s).

That is, G is a path homotopy from v to ro~y, so vy ~, 1oy ~p €q.

(c) Suppose that h has no fixed point, i.e. that h(x) # x for all z € D?. Define a
continuous map r : D? — S! by drawing a line starting at h(z), passing through
z, and intersecting S! in a point that we call r(x). Then by construction, r(z) = x
for z € S', which means that r is a retraction. It follows that we have a surjection
re : m1(D?) — w1 (S1). This is impossible, though, since 71(D?) consists of a single
class whereas 1 (S!) = Z.
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